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To probe the nonlinear effects of photon-photon interaction in the quantum electrody-
namics, we study the generation of circular polarized photons by the collision of two linearly
polarized laser beams. In the framework of the Euler-Heisenberg effective Lagrangian and
the Quantum Boltzmann equation for the time evolution of the density matrix of polariza-
tions, we calculate the intensity of circular polarizations generated by the collision of two
linearly polarized laser beams and estimate the rate of generation. As a result, we show
that the generated circular polarization can be experimentally measured, on the basis of
optical laser beams of average power KW, which are currently available in laboratories. Our
study presents a valuable supplementary to other theoretical and experimental frameworks
to study and measure the nonlinear effects of photon-photon interaction in the quantum
electrodynamics.
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2I. INTRODUCTION
Due to the fact that in classical electrodynamics Maxwell’s equations are linear, the light by
light scattering in the vacuum does not occur, instead they obey superposition. In the context of
the quantum electrodynamics (QED), the specific process of photon-photon scattering is present,
as the result of a virtual electron-positron pair production by the two initial photons, followed by
the annihilation of this pair into the final photons, for more detailed description, see for example
Ref. [1]. These nonlinear interactions are described by the effective Lagrangian of Euler and
Heisenberg [2] (see review articles [3]). This effective Lagrangian modifies Maxwell’s equations for
the average values of the electromagnetic quantum fields [4] and affects the properties of the QED
vacuum [5]. In addition, based on the Euler and Heisenberg effective Lagrangian, the effects of the
photon splitting, QED birefringence and dichroism were studied (see Refs. [6, 7]).
For many years, the search of these non-linear QED effects has been restricted to projected
particle physics experiments with accelerators. The difficulties of the measuring these effects stem
from the smallness of nonlinear interaction of order O(α4), where the fine-structure constant α =
1/137. Nevertheless, these non-linear QED effects in the vacuum will possibly become testable
at energy densities achievable with ultra-high power lasers in the near future. Based on recent
advanced laser technologies, there are many ongoing experiments: x-ray free-electron laser (XFEL)
facilities [8], optical high-intensity laser facilities such as Vulcan [9], petawatt laser beam [10] and
ELI [11], as well as SLAC E144 using nonlinear Compton scattering [12]; for details, see Refs. [13–
15]. This leads to the physics of the ultrahigh-intensity laser-matter interactions in the critical
field [16].
Recently, the nonlinear effect of the photon-photon interactions is shown to manifest itself in a
variety of the ways such as (i) a phase shift in intense laser beams crossing one another [17], (ii) a
frequency shift of a photon propagating in an intense laser [18], (iii) the polarization effects of QED
vacuum birefringence and dichroism in crossing laser beams [19–21] and (iv) the photon-photon
scattering in collisions of laser pulses [22], where it is shown that a single 10 PW optical laser
beam splitting into two counter-propagating pulses is sufficient for measuring the elastic process
of photon-photon scattering, moreover, when these pulses are sub-cycle, results suggest that the
inelastic process of photon-photon scattering should be measurable too. It should be mentioned
that PW optical laser beams are required to measure these effects of photon-photon scattering, the
reason will be given in the next section.
In this Letter, however, we attempt to study the effect of QED birefringence in the collision
3of laser beams. We show that in the collision of two linearly polarized laser beams, the circular
polarization can be generated by nonlinear QED effects of the photon-photon interaction, i.e.,
the Euler-Heisenberg effective Lagrangian in the vacuum. It is important to point out that the
rate of generating circular polarization is large enough to be experimentally measured for the
collision of two KW optical laser beams, which have already been achieved in laboratories nowadays.
The reason will be given in the concluding section. We recall that the generation of circular
polarizations for Cosmic Background Microwave (CBM) radiation due to the Euler-Heisenberg
effective Lagrangian was discussed in Ref. [23].
II. THE RATE OF PHOTON-PHOTON SCATTERING
The photon-photon (light by light) scattering (in the vacuum) is a special process of quantum
electrodynamics (QED), which does not occur in classical electrodynamics, owing to the fact that
Maxwell’s equations are linear. The leading contribution to the photon-photon scattering comes
from Feynman “box” diagrams of the four external photon lines, which is the leading term in the
Euler-Heisenberg effective Lagrangian. The total cross-section of photon-photon scattering σγγ is
given by (see Ref. [1])
σγγ ≃ 0.031α4λ2e
(
ω
me
)4
, ω ≪ me, (1)
σγγ ≃ 4.7α4λ2e
(me
ω
)2
, ω ≫ me (2)
where ω,me and λe are the photon energy in the center-of-mass system, electron mass and Compton
wavelength, the maximal cross-section is around ω ≈ me. Using the cross-section of photon-photon
scattering and intensities of laser beams available in laboratories, we estimate the rate of laser light-
light scattering as follow
Rγγ = σγγ n
in
γ N
T
γ , (3)
where NTγ is the number of (target) laser-photons interacting with (incident) laser-photons and
ninγ is the number of (incident) laser-photons per second and per cross-sectional interacting area A
(
√
A ∼ being the size of laser-beams). These quantities can be written as
ninγ =
QT (ω)
ω
, NTγ =
QT (ω′)
ω′
A∆t, (4)
where QT (ω′) is the intensity of (target) laser-beam and Qin(ω) is the intensity of (incident) laser-
beam, ∆t represents the time-interval of two laser beams interacting. Eqs. (3) and (4) lead to
Rγγ = σγγ A∆t
(
QT (ω′)
ω′
)(
Qin(ω)
ω
)
. (5)
4In the case of ω = ω′ ∼ eV, the total cross-section of Eq. (1) is very small, σγγ ∼ 10−54cm2.
Assuming that the intensities Q of incident and target laser beams are equal, then we obtain
Rγγ ≃ σγγ
A
(
P¯
ω
)2 (
∆t
sec
) ( ω
eV
)
, (6)
where the average power of laser beams P¯ = AQin = AQT . Due to the smallness of cross-section
σγγ in Eq. (6), in order to observe a scattered photon per second (Rγγ ∼ 1), one needs petawatt
laser beams such as Vulcan laser ∼ 10 PW [9] and Petawatt laser [10], where the laser duration
time τ ∼ fs, laser beam diameter √A ∼ 50 cm, repetition rate fpulse ∼ 1/sec and energy per pulse
εpulse ∼ kJ. This agrees with the result reported in Ref. [22]. This explains the reason why PW
laser beams are required to measure the effects of nonlinear photon-photon scattering.
III. EULER-HEISENBERG LAGRANGIAN AND CIRCULAR POLARIZATIONS
We attempt to study the generation of the circularly polarized photons due to the Euler-
Heisenberg effective Lagrangian in the collision of two linearly polarized laser beams. The Euler-
Hesinberg effective Lagrangian is given by [2]:
£eff = −1
4
FµνF
µν +
α2
90m4e
[
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
]
, (7)
where the first term 14FµνF
µν is the classical Maxwell Lagrangian. Although the Euler-Heisenberg
effective Lagrangian was obtained for constant electromagnetic fields, we approximately use it to
represent the interaction of laser fields in the following calculations. We express the electromagnetic
field strength Fµν = ∂µAν − ∂νAµ, the dual field strength F˜µν = ǫµνρσFρσ and the gauge field Aµ
in terms of plane wave solutions in the Coulomb gauge [26],
Aµ(x) =
∫
d3k
(2π)32k0
[
ai(k)ǫiµ(k)e
−ik·x + a†i (k)ǫ
∗
iµ(k)e
ik·x
]
, (8)
where ǫiµ(k) = (0,~ǫi(k)) are the polarization four-vectors and the index i = 1, 2, representing two
transverse polarizations of a free photon with four-momentum k and k0 = |k|. ai(k) and a†i (k) are
creation and annihilation operators, which satisfy the canonical commutation relation
[
ai(k), a
†
j(k
′)
]
= (2π)32k0δijδ
(3)(k− k′). (9)
The number operator D0ij(k) ≡ a†i (k)aj(k).
An ensemble of photons in a general mixed state is described by a normalized density matrix
ρij ≡ ( |ǫi〉〈ǫj |/trρ), ρij(p) is the general density-matrix in the space of polarization states with
5a fixed energy-momentum “p” per unit volume, the dimensionless expectation values for Stokes
parameters are given by
I ≡ 〈Iˆ〉 = trρIˆ = 1, (10)
Q ≡ 〈Qˆ〉 = trρQˆ = ρ11 − ρ22, (11)
U ≡ 〈Uˆ 〉 = trρUˆ = ρ12 + ρ21, (12)
V ≡ 〈Vˆ 〉 = trρVˆ = iρ21 − iρ21, (13)
where “tr” indicates the trace in the space of polarization states. This shows the relationship
between the four Stokes parameters and the 2× 2 density matrix ρ for photon polarization states.
The density operator ρ for an ensemble of free photons is given by
ρˆ =
1
tr(ρˆ)
∫
d3p
(2π)3
ρij(p)a
†
i (p)aj(p). (14)
The parameter I gives total intensity, Q and U intensities of linear polarizations of electromag-
netic waves, whereas the V parameter measures the difference between left- and right- circular
polarizations intensities. The expectation value of the number operator D0ij(k) is defined by
〈D0ij(k) 〉 ≡ tr[ρˆD0ij(k)] = (2π)3δ3(0)(2k0)ρij(k). (15)
The time evolution of photon polarization states is related to the time evolution of the density
matrix ρij(k), which is governed by the following Quantum Boltzmann equation (QBE) [24],
(2π)3δ3(0)(2k0)
d
dt
ρij(k) = i〈
[
H0I (t);D
0
ij(k)
]〉 − 1
2
∫
dt〈[H0I (t); [H0I (0);D0ij(k)]]〉, (16)
where H0I (t) is an interacting Hamiltonian. The first term on the right-handed side is a forward
scattering term, and the second one is higher order collision term.
In our case, the interacting Hamiltonian H0I (t) in Eq. (16) is the Euler-Heisenberg effective
Hamiltonian HEHI (t)
H0I (t) = H
EH
I (t) = −
α2
90m4e
∫
d3x
[
(FµνF
µν)2 +
7
4
(Fµν F˜
µν)2
]
, (17)
from Eq. (7). Since HIEH is the order of α
2, in Quantum Boltzmann equation (16) we approx-
imately consider the forward scattering term only and neglect higher order collision term. The
first term (FµνF
µν)2 ∼ (E2 − B2)2 of Eq. (17) does not contribute to 〈
[
H0I (t);D
0
ij(k)
]
〉, because
its commutation with the number operator D0ij vanishes. The nontrivial contribution comes from
6the term (Fµν F˜
µν)2 ∼ (E · B)2 in Eq. (17), and (E · B) is odd under parity. As a result, the
time-evolution equation for the density matrix is approximately obtained [23],
(2π)3δ3(0)2k0
d
dt
ρij(k)≈ i〈
[
HEHI (t),D
0
ij(k)
]〉
=
56α2
45m4e
(2π)3δ3(0)ǫµνµ
′ν′ǫαβα
′β′kα′kµ[ǫsν(k)ǫl′β′(k)]
×
[
ρl′j(k)δ
si − ρis(k)δl′j + ρsj(k)δl′i − ρil′(k)δsj
]
×
∫
d3p
(2π)32p0
pµ′pα[ǫs′ν′(p)ǫlβ(p)][ρls′(p) + ρs′l(p) + δ
s′l], (18)
where the following equations [24] are used to calculate all possible contractions of creation and
annihilation operators a†i and aj
〈 a†s′(p′)as(p) 〉 = 2p0(2π)3δ3(p− p′)ρss′(p), (19)
〈p| a†s′(p′)as(p)a†l′(q′)al(q) |p〉 = 4p0q0(2π)6δ3(p− p′)δ3(q− q′)ρss′(p)ρll′(q)
+ 4p0q0(2π)6δ3(p− q′)δ3(q− p′)ρs′l(q)[δsl′ + ρsl′(p)]. (20)
Based on Eqs. (13) and (18), the time-evolutions of V -Stocks parameter is given by (see Ref. [23]
for details):
V˙ (k) = Xˆ
{
Q(k)U(p)ǫ1ν(k)ǫ2β′(k)ǫ2ν′(p)ǫ1β(p)
+ iV (k)Q(p)ǫ2ν(k)ǫ2β′(k)ǫ1ν′(p)ǫ1β(p)
}
, (21)
where k and p indicate the energy-momentum states of photons, and the operator Xˆ is defined as
a following integral overall energy-momentum states p,
Xˆ
{
· · ·
}
≡ 16× 7α
2
45m4ek
0
∫
d3p
(2π)32p0
[
ǫµνµ
′ν′ǫαβα
′β′kα′kµpµ′pα
]{
· · ·
}
. (22)
As this equation shows, the time-evolution V˙ is proportional to Q and U modes. This indicates
that an ensemble of linearly polarized photons will acquire circular polarizations due to the Euler-
Heisenberg effective Lagrangian (7).
IV. COLLISION OF TWO LINEARLY POLARIZED LASER BEAMS
Using Eq.(21), we calculate the circular polarization generated by the collision of two linearly
polarized laser beams. In this case the second term on the right-handed side of Eq. (21) vanishes,
and the density matrices of two approximately monochromatic laser beams are
ρij(p) ∝ δ3(p− p¯), ρij(k) ∝ δ3(k− k¯), (23)
7FIG. 1. This sketch shows the relative angles θ and φ between the incident laser beam direction k¯ and the
target laser beam direction p¯.
where k¯ (p¯) stands for the mean momentum of incident (target) laser beam, as indicated in Fig. 1.
As a result, the integral of Eq.(22) becomes
c
∫
d3p
(2π)32p0
U(p)
[
ǫµνµ
′ν′ǫαβα
′β′pµ′pα
]
=
1
2
U¯(p¯)ǫµνµ
′ν′ ǫαβα
′β′ ˆ¯pµ′ ˆ¯pα (24)
where ˆ¯pα = p¯α/p
0, c is the speed of light and U¯(p¯) is the mean intensity of the “target” laser beam.
The time-evolutions (21) of V -Stocks parameter for laser beam is thus given as follows
V˙ (k¯)
Q(k¯)
=
8× 7α2
45m4ek
0
U¯(p¯) ǫµνµ
′ν′ ǫαβα
′β′ ǫ1ν(k¯)ǫ2β′(k¯)ǫ2ν′(p¯)ǫ1β(p¯)ˆ¯pµ′ ˆ¯pαk¯α′ . (25)
In order to explicitly calculate Eq. (25), we coordinate k¯ in zˆ-direction, ~ǫ1(k¯) in xˆ-direction and
~ǫ2(k¯) in yˆ-direction, as sketched in Fig. 1. In this coordinate, p¯, ~ǫ1(p¯) and ~ǫ2(p¯) are represented
by
p¯ =
{
sin θ cosφ, sin θ sinφ, cos θ
}
~ǫ1(p¯) =
{
cos θ cosφ, cos θ sinφ,− sin θ}
~ǫ2(p¯) =
{− sinφ, cosφ, 0}. (26)
in terms of polar angles θ and φ (see Fig.1), and indexes
ν = 1; β′ = 2; µ = 0, 3; α′ = 0, 3, (27)
8in Eq. (25). As a result we calculate Eq. (25), yielding
V˙ (k¯)
Q(k¯)
=
56α2
45m4k0
U¯(p¯) ǫµνµ
′ν′ ǫαβα
′β′ ǫ1ν(k¯)ǫ2β′(k¯)ǫ2ν′(p¯)ǫ1β(p¯)ˆ¯pµ′ ˆ¯pαk¯α′ k¯µ
× δ1νδ2β′{δ0µδ0α′[δ3α(δ2µ′ + δ3µ′) + δ1α(δ2µ′ + δ3µ′)]+ δ3µδ3α′δ0µ′δ0α
+ δ0µδ3α
′
δ0α(δ2µ
′
+ δ3µ
′
) + δ3µδ0α
′
δ0µ
′
(δ1α + δ3α)
}
=
56α2
45m4k0
U¯(p¯) (k0)2
{
~ǫ1k · ~ǫ1p ˆ¯p · ~ǫ2k ˆ¯k · ~ǫ2p
[
ˆ¯p · ˆ¯k − 1
]
− ~ǫ1k · ~ǫ1p~ǫ2k · ~ǫ2p
[
1 + (ˆ¯p · ˆ¯k)2 − 2ˆ¯p · ˆ¯k
]
− ~ǫ2k · ~ǫ2p ˆ¯p · ~ǫ1k ˆ¯k · ~ǫ1p
+ ˆ¯p · ˆ¯k~ǫ2k · ~ǫ2p ˆ¯p · ~ǫ1k ˆ¯k · ~ǫ1p − ˆ¯p · ~ǫ2k ˆ¯k · ~ǫ2p ˆ¯p · ~ǫ1k ˆ¯k · ~ǫ1p
}
, (28)
where ~ǫip ≡ ~ǫi(p¯), ~ǫik ≡ ~ǫi(k¯) and i = 1, 2. Substituting Eq. (26) into Eq. (28), we obtain the final
result
V˙ (k¯)
Q(k¯)
=
56
45
(
k0
m
)2
U¯(p¯)
k0
α2λ2e cos
2 φ
[
1 + cos2 θ − 2 cos θ] , (29)
which is maximal for the head-head collision of two laser beams (θ = π and φ = 0), at given
intensities Q(k¯) and U¯(p¯) of two linearly polarized laser beams.
To end this section, we recall the QED birefringence [6, 7] of two photon polarizations being
different in their propagating directions, intensities and phases in an external magnetic field, pos-
sibly leading to circular or elliptical polarizations. In the collision of two linearly polarized laser
beams, we show that due to the term (E · B)2 in Eq. (17), the time-averaged Stokes parameter
V for circular polarizations does not vanishes, and evolves with the interacting time of two laser
beams.
V. THE RATE OF GENERATING LASER PHOTONS WITH CIRCULAR
POLARIZATION
We estimate the rate of circular polarization generation by the collision of two linearly polarized
laser beams with a mean energy k¯0 = p¯0 and average power P¯ ,
k¯0 = p¯0 ∼ eV, P¯ in(p¯) = P¯ T (k¯) = P¯ ∼ KW. (30)
Suppose that A is the cross-sectional interacting area of two laser beams, ∆t is the interacting time
of two laser beams, and within the interacting time ∆t, two laser beams have continuous beam
profile. In this case Eq.(29) can be written as
∆V (k¯)
k¯0
≃ 1.25∆t α2λ2e cos2 φ
[
1 + cos2 θ − 2 cos θ] ( k¯0
m
)2
(
P¯ in
A k¯0
)(
P¯ T
A k¯0
)
. (31)
9Because ∆V (k¯) is the intensity of circularly polarized laser photons with the energy k¯0, the average
rate RV of generating circularly polarized laser photons (number /sec) after two beams interacting
for the time-interval ∆t is given by
RV ≃ 1.25∆t α2λ2e cos2 φ
[
1 + cos2 θ − 2 cos θ] ( k¯0
m
)2
(
P¯ in
A k¯0
)(
P¯ T
k¯0
)
, (32)
where the electron Compton length λe ≃ 3.86 × 10−11cm. As an example, using two laser beams,
k¯0 ∼ eV, ∆t ∼ 0.3µ sec, P¯ ∼ KW and A ∼ 1 cm2, which are available in laboratories, we obtain
the rate RV ≃ 200/sec that should be large enough to be measurable. Note that the rate RV of
Eq. (32) is proportional to α2, compared with the rate Rγγ of Eq. (3), which is proportional to
α4. The reason is that the leading contribution to the generation of circular polarization comes
from the forward scattering term of Eq. (16), which is the order of α2. This explains why the
measurable rate RV of Eq. (32) needs much less power (KW) of laser beams, than petawatt (PW)
of laser beams for a sizable rate Rγγ .
VI. CONCLUSION AND REMARKS
To study photon-photon interactions of quantum electrodynamics, we approximately calculate
the circular polarization intensity generated by the collision between two linearly polarized laser
beams, and obtain the result of Eq. (31). For this purpose, we approximately solve the Quantum
Boltzmann Equation for the density matrix of photon ensemble with the nonlinear Euler-Heisenberg
effective Lagrangian, and obtain the time-evolution of Stokes parameter V for circular polarization.
Using some parameters of available KW laser beams in laboratories, we estimate the rate (32) of
generating circularly polarized photons (number/sec), which seems to be large enough for possible
measurements. How to experimentally measure the circular polarization generated is not in the
scope of this Letter.
The phase shift due to the nonlinear interactions of ultra-intense (PW) laser beams and some
sensitive techniques to detect this phase shift have been studied in Refs. [17, 20]. The power of laser
beams which needs to measure this phase-shift is about four order of magnitude larger than the
power of laser beams used to produce measurable circular polarizations. The proposed ELI project
[11] will provide laser pulses of wavelength ∼ 800nm, intensity 1029WM−2 (with peak power ∼PW
and average power ∼ 3MW), the repetition rate of pulses fpulse ∼ 10Hz and time-duration of a pulse
∼ 30 fs, and the size of focusing spot ∼ 10µm. This laser facility will make it be possible to detect
the phase shift, circular polarization and other effects originated from the nonlinear photon-photon
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